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1 Introduction

The zernikes_and_derivatives_cartesian_0SA function calculates the Zernike polynomials and their
partial derivatives in Cartesian coordinates. For this purpose, it uses the algorithm described in refer-
ence [1]. However, it should be noted that in the cited article the author use unit-normalized Zernike
polynomials arranged according to the azimuthal scheme set forth by Rimmer and Wyant [2], while to
implement the function has been used the OSA/ANSI standard notation described in references [3, 4].
This means the index scheme is different and, moreover, the polynomials are not unit-normalized but
normalized to 7.

2 Notation

Zernike’s polynomials are usually ordered by a double-index, Z*, being n the radial order and m the
angular frequency, both integers. Although in programming it is usually utilized a single index, Z;.

The scheme used in reference [1], consider a double-index with n > 0 and 0 < m < n. However, the
standard OSA/ANSI1 uses a double-index with n > 0 and —n < m < n, as shown in the following table:

Rimmer& Wyant schema OSA standard

n m n m

0 0 0 0

1 0,1 1 1,1

2 0, 1,2 2 2,02

3 0, 1,23 3 3,-1,1,3

1 0, 1,2 3,4 1 4,-2,0,2, 4

Therefore, by the way of example, the following polynomials —using the two schemes seen— are equiv-
alent:

Rimmer&Wyant schema, OSA standard
77 (x,y) Z7 " (2,y)
78 (,y) Z3? (2,y)
Z3 (x,y) Z3* (2,y)
Zi (x,y) Zi (x,y)
Z8 (x,y) Z5 (x,y)

Using (n,m) to denote the R&W indices, and (n,m) those of the OSA scheme, both pairs of indices
are related as follow:
n=~n m=2-m-—n (1)

Mn fact, this double index schema is the most usual, and is employed by other notations than the standard OSA/ANST.



2.1 Single index

As said before, it is more convenient to use a simple index to program. In the OSA standard, the
conversion of indices is as follows:

n(n+2)+m nroundup{

2

3+\/9+8]}
2

m=2j—n(n+2)

2.2 U-polynomials

Employing the notation used in reference [1], the unit-normalized Zernike’s polynomials are called U,
and are related to the m-normalized ones as follows:

with

2(n+1) 1 m=0

Npm = Tio being 5m0{ 0 m£0

3 Algorithm

It is well known that for high-order Zernike’s polynomials, computing the values using explicit expressions
is not the best strategy, since it is inefficient and suffer form large cancellation errors. So, several schemes
using recurrence relations have been devised.

Reference [1] presents one recurrence relation with coefficients that do not depend on radial or az-
imuthal orders and which contains no singularities. In addition, it also presents a recurrence relation to
compute the partial derivatives in Cartesian coordinates.

3.1 Recurrence relations in Cartesian coordinates for Zernike U-polynomials
The general recurrence relation is
Uam=2Un—1.m +yUs—15-1-m + 2Us—1m—1 — YUa—1,5-m — Un—2.m—1
But there are several exceptions:
e form=20 Usno=2Us-1,0 + yUs—1,7—1
o for m=n Unin = 2Us—1,5-1 —yUn—1,0

n—1
for 71 odd amclm:”T

Usm = yUs—1,ii—1-m + 2Us—1,m-1 — YUn—1,7—m — Un—2,m—1

n—1

e for n odd and m = +1

Usm = 2Un—1m +yUs—1,5—-1—m + YUn—1,m—-1 — Ua—2,m—1

e for N even and m =

|

Un,m = 22Us 15 + 2yUs—1,m—-1 — Ua—2,m—1
The starting polynomials being

Upo=1, UVipo=y, Ui1==2


https://en.wikipedia.org/wiki/Zernike_polynomials#OSA/ANSI_standard_indices

3.2 Recurrence relations for the OSA /ANSI scheme

If we now “translate” the previous equations into the OSA scheme, we obtain that the general recurrence
relation is
Un.m = I'Un—l,m—i-l + yUn—l,—(m-i-l) + xUn—l,m—l - yUn—l,l—m — Un—-2m

the exceptions are given by
e for m=—n Upn—n=2Up_11-n+yUpn_1n-1
e form=n Upn =2Up—1n—1 —yUn—1,1-n
e for m=—1 Un-1=y9Upn10+2Up_1,—2 —yUp_12 —Up_2, 1
e form=1 Uni=2Up_12+yUp—1,— 2+ 2Up_10 —Un—21
e form=0 Uno=22Up_11+2yUp_1,-1 —Up_2p
and the starting polynomials are
Uso=1, U_1=y U1==x
Note that using the OSA scheme the conditions of the exceptions have been simplified, which makes
it easier to compute.
3.2.1 Recurrence relations with a single index

As mentioned earlier, when programming it is more convenient to use a simple index. In this case,
recurrence relations are given as follows. Let us start now with the exceptions:

1
o form=-n = j:M
n
Uj =aUj—n +yUj—1
o form=n = :n(n2+3)
Uj ZCCUj_(n_»,_l) —ij—Zn
2)—1
o form=-1 = j:%

Uj =2U;_(ny1) T YUj—n —yUj_(n—1) — Uj—2n

n(n+2)+1

e form=1 = j= 5

Uj = 2Uj—n + 2Uj—(nt1) + YUj—(n+2) = Uj-20

n(n+2)
2

form=0 = j=
Uj = 22U + 29U _(ng1) — Uj—2n -
The general case is
Uj = 2Ujn + YUj—(ntm+1) + 2Uj—(nt1) = YUj—(mtm) = Uj—2n
and the starting polynomials are

UO:]-7 Ulzyv U2:x



3.3 Recurrence relations for Cartesian derivatives for Zernike U-polynomials

The general recursive relations for partial derivatives are:

Uam . N OUz—2,m—1
— = Us—1,m + Wi-1,m—1+ ——F——
ox " L+ 1 L1+ Ox
and U, U,
L S S A f—2h—1
dy a1 T YL T dy
But, as before, there are several exceptions:
e form=20 5U 5U
7,0~ A0~
— =nUx_ = =nUs 1,
oz n 1,0 By n 1,i—1
o form=n P au
LR A
o n 1,7—1 3y n 1,0
N - n—1
° fornoddandm:T
WVa,m . OUs—2.m—1 oUam . N OUs—2.m—1
— = nUp_1,m— : — =nUs 15-m-1— Wi 15-m+—F—
or " L1+ ox dy " b Lon b + oy
N - n—1
e for n odd and m = +1
Usm . N OUs—2,.m—1 OUa,m . OUs—2,m—1
— = nUn—1,m + WUn—1,m— : — = Us—1,0-m—1+ ——F
ox ML+ PUA—1m-1 + ox Jy nYa-t, Lt dy
- - n
e for n even and m = 5
8Uﬁ 'r"n . aUﬁ, — 8Uﬁ m ~ 8Uﬁ, —
— = 2nUs—1,m + 2,1 — = 20Ux-1 5-m—1 + —ZA—2mo1

or ox oy " dy

The starting expressions for the Cartesian derivatives being:

8U070 . 8U070 —0 6U170 . 6U171 —0 8U1,1 - 8U1,0 —1
Ox oy Oz oy 7 oxr oy

3.3.1 Recurrence relations for the OSA /ANSI scheme

If we now “translate” the previous equations into the OSA scheme, we obtain that the general recurrence
relations for partial derivativess are

8Un7m aUn—2,m
o = nUn—l,m-{—l + nUn—l,m—l + T
and
8Un,m aUn—Q,m

ay = nUnfl,f(erl) - nUn—l,l—m + 8y

the exceptions are give by

e form=—-n aUn,—n = nUn_1 1—n % = TLUn_Ln_1
oz ’ y ’
OUpn _n OUpn,—n
e form=n T =nUp—1,n—1 Ty =-nUp—11-n
o form= -1
8Un —1 a(]7172 —1 a(]n —1 a(]7172 —1
’ = Un— — : - == Un— - Un— :
O n 1,-2 + O By n 1,0 — 1N 1,2+ oy



o form=1

aUn 1 aU'n72 1 aUn 1 a(]7172 1
=~ =nU,_ U,— : — =nU,_1 ’
ox " Lz +n 1o+ ox oy " L2 dy
© form =0 v, U, U, au,
n,0 n—2,0 n,0 n—2,0
— =2nU,— : — =2nUp_1, 1+ —F——
ox " L1t ox oy " -1+ dy
and the starting derivatives are
OUoo  OUgo 0 oU; 10Uy 0 oU;y  0U; 1 1
or oy or 9y O oxr 9y
3.3.2 Recurrence relations with a single index
Let us start now with the exceptions:
e form=-n = j:M
n
oU; oU;
67; = nt,n c’)fyj = 7’LUj;1
e form=n = j= @
oU; oU,;
87; = nt,(n+1) 87; = —nt_Qn
o form=-1 = j:%
oU; U, _on oU,; U, _on
) —nU._ J J Uiip —nU:_ (e ZZJzan
oz it 0 ay I ==+ dy
cform=1 = j= %
U, U, _o oU,; oU;_o
87(; = TLUj_n + 'flUj,(nJrl) + ajx n aiy] = ntf(n+2) + (,;y L
e form=0 = j= w
oU; OU;_ay, oU, OU;_o
——J —onU._ J I —onlU._ ZZJ)zen
Ox Mj—n+ oz Oy imrn) + Oy
The general case is
oU, U, _an oU, U, _ay
871'] =nUj—n +nU;_(ny1) + (;I 8y] =nU;_(n4m+1) — MU (nym) + éy
and the starting derivatives are
OUy _ Uy OU_OUs _ 0Us Uy _
or 9y  9x oy 0Oz Oy
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